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We study the correlation between an impurity and a small ensemble of bosonic particles in one
dimension. Our study analyzes the one-body density matrix and calculates the corresponding von
Neumann entanglement entropy as a function of the interaction strength between the impurity and
the bosons when all particles have the same mass. We show that the entropy grows very fast for
small and moderate interaction strength and then increases slowly toward the strongly interacting
regime. Then we study the effect over the quantum correlations of a mass imbalance between the
impurity and the bosons. In the strongly interacting case, we discover that when the impurity is
much heavier than the bosons, then we have the least possible correlation. However, the entropy
tops its maximum when the mass ratio is between 3 and 4 in the case where there are four bosonic
particles and then falls off to its minimum for higher mass imbalance.
I. INTRODUCTION
The interest for one dimensional ultra cold quantum
systems has grown considerably in the last few years.
This is partly due to the realization of such systems
in highly controllable environments using cold atomic
gases [1–7] and partly due to the revelation of interest-
ing quantum phenomena that are unique to one dimen-
sion (1D). Some of the fundamental 1D effects include
spin-charge separation, which has been studied recently
for both fermions and bosons [8]. The spin separation
is usually caused by the well-known Pauli principle for
fermions, however in Bose mixtures, where the bosonic
system consists of two-component subsystems, the sep-
aration has also been found. In that sense, the bosonic
systems are more interesting than fermionic ones because
here, in addition to inter-species interaction, one can also
tune the intra-species interaction, which is the interac-
tion between the same type of particles. The latter is
clearly not an option for fermions due to the Pauli princi-
ple (when considering only s-wave interactions). In Bose
mixtures it has been shown that a Ferromagnetic ground
state occurs when the intra- and inter-species interactions
are identical [9–13].
A particular case of Bose mixtures where one single
atom of one kind, usually called the impurity, interact-
ing with a number of quantum particles of other kind,
also called majority particles, is also an interesting field
in 1D systems. Just to mention a few studies and effects
in this area one can mention the Landau-Pekar polaron
[14, 15] and a magnetic impurity in a metal resulting in
the Kondo effect [16]. Moreover, the impurity atom inter-
acting with a Bose-Einstein condensate has been found
to have a bound ground state in which the impurity is
self-localized in the so-called polaron-like state [17–20].
There has been considerable recent interest in the physics
of polarons in quasi-condensates [21–23], also in the case
where the mass of the impurity is different from the mass
of the bosons [24–26]. In a recent study the crossover be-
tween few- and many-body behaviors in Bose mixtures in
the equal mass case was explored [27]. Moreover, a new
method has been developed to study the general case
of the many body Bose polarons [28]. Studying such
systems and their behavior can help to understand the
physics behind some general phenomena in polaron and
many-body physics.
Here we extend the studies done before by investigating
how correlated the impurity and the majority particles
are with each other. The correlation is investigated in two
cases; one as a function of interaction strength between
the impurity and majority particles and the other as a
function of mass ratio between the two components.
The paper is organized as follows. In Sec. II we in-
troduce the model we study and explore the dynamics
of a two species system consisting of one atom of one
type and up to 4 atoms of other type. In this section
we focus on the same mass case but vary the interaction
strength between the two species. In Sec. III we extend
our discussion to the mass imbalanced case and highlight
the main effects by showing the behavior of the one-body
density matrix for the impurity and majority particles.
In addition we calculate the entanglement between them
and show how the highest occupied orbitals evolve as we
vary the interaction strength and mass ratio.
II. HAMILTONIAN OF THE SYSTEM AND
MASS-BALANCED WAVE FUNCTIONS
We consider a one-dimensional mixture of NA identical
bosons of one kind, A, with coordinates xi, i = 1, . . . , NA,
and one atom of kind B, with coordinate y. We assume
that theNA identical bosons do not interact among them-
selves. We consider contact repulsive interactions be-
tween the NA bosons of type A and the additional B
atom, which we call the impurity. We model the interac-
tions by a delta function of strength given by the coupling
constant g.
We assume the same trapping oscillator frequency ω
for the bosons and the impurity, although we note that
the formalism we use can in principle treat also different
2oscillator frequencies.
We assume that the mass of the bosons, mA can be
different from that of the impurity, mB. In this situation,
the Hamiltonian reads
H =
1
mBA
(
−1
2
d2
dy2
)
+mBA
1
2
y2 (1)
+
NA∑
i=1
[
−1
2
d2
dx2i
+
1
2
x2i
]
+ g
NA∑
i=1
δ(xi − y),
where mBA ≡ mB/mA. Here, we scaled all energies by
~ω and all distances by the harmonic oscillator length
aho =
√
~/mAω. Thus, the coupling constant g is scaled
by ~ωaho.
As a benchmark, let us first briefly discuss the case
in which mBA = 1 and g is tuned from zero to infinity.
In the non-interacting case, g = 0, the ground state is
non-degenerate, and its wave function is real, positive,
without zeros, and symmetric under the exchange of all
atoms. It is given by
Ψg.s.(x1, . . . , xNA , y)=ψ0(x1) . . . ψ0(xNA)ψ0(y) , (2)
with Gaussian ψ0(x) = π
−1/4 exp(−x2/2), and energy
Eg.s. = (NA + 1)/2. When g → ∞, the wave function
has to vanish at all points where xi = y, ∀i. A wave
function as an ansatz fulfilling this condition could be
[29–31]
Ψ2,bosg.s. (x1, . . . , xNA , y) ∝ exp [−
1
2
(x21 + · · ·+ x2NA + y2)]
(3)
× |x1 − y| · · · |xNA − y|.
This wave function is zero whenever one of the bosons
and the impurity are in the same position. This ansatz is
real and positive, that is, it has zeros but not changes of
sign. The fact that the impurity is distinguishable from
the rest of bosons means that there is no symmetrization
condition under the interchange of any of the bosons and
the impurity. The modulus in Eq. (3) enforces that when
interchanging any A atom with the impurity, the wave
function is even. But one can have an odd wave function
under the interchange of the impurity and any A atom.
These kind of functions have been discussed for NA =
2 in [31, 32] (see also the analysis based in symmetry
arguments given in [33–35]). It was shown previously
[27, 32] that the two-fold degeneracy comes from the fact
that the impurity in the equal mass case is pushed to the
side of the trap. It may sit on either the left- or right-
hand side of all the bosons. However, since we need to
conserve parity the two degenerate states will be even
and odd linear combinations of having it localized on the
left or the right [27].
In Fig. 1 we show how this quasi-degenerate energy
pair appears as g is increased, for NA = 2, 3, 4 and 9.
We calculated this spectra with a many-mode direct di-
agonalization algorithm as the one described in [36, 37]
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FIG. 1: Energy per total number of atoms of the ground and
first excited state as a function of the inverse of the coupling
constant, for NA = 2, 3, 4, 5 and 9. A quasi-degenerate pair
occurs in the lowest part of the spectrum as 1/g → 0. Inset:
energy per atom for g → ∞ as a function of the total number
of atoms, N .
for NA = 2, 3, 4. We also calculated for larger num-
ber of atoms with the method described in Appendix A
and [28], obtaining the same quasi-degenerated pair in
the lower part of the spectra for larger number of bosons.
In Fig. 1 we show the results for NA = 9. Note that for
small g, the energy per atom of the ground state is 1/2
while the one of the excited state is (NA/2+3/2)/(NA+
1). For large g, the energy of the quasi-degenerate pair is
smaller as NA is increased, as shown in the inset of Fig. 1
(see [27]).
In this work we are interested in the complicated cor-
relations and coherences that are present in the system
due to the interactions between the bosons and the im-
purity. To this end it is natural to compute the one-body
density matrices (OBDM) for an A atom and for the im-
purity one. These read
ρA(x, x′)=NA
∫
dx2 . . . dxNAd yΨ(x, . . . )Ψ(x
′, . . . ), (4)
and
ρB(y, y′)=
∫
dx1 . . . dxNAΨ(x1, . . . , y)Ψ(x1, . . . , y
′). (5)
This bosonic system is not in an ideal Bose system state
(product of ground state single-particle wave functions)
when g becomes sufficiently large. This conclusion can
be reached from diagonalization of the OBDM, which
produces the natural orbitals and their occupations, λi.
The largest occupation of a natural orbital for the bosons,
λA0 , is reduced as g is increased [see Fig. 2(a)]. As one in-
creases the number of bosons, the system is less disturbed
by the presence of the impurity, and the value of λ0 for
large g gets closer to one. On the other hand, the largest
occupation of a natural orbit for the impurity, λB0 , is also
reduced as g is increased [see Fig. 2(b)]. Based on our
investigation for NA ≤ 4 the final value of λB0 does not
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FIG. 2: (a) First and second largest natural orbit occupations
for the bosons and (b) for the impurity, for NA = 2, 3 and 4
(solid black, dashed blue and dotted red, respectively). (c)
Entanglement entropy for the same cases. The dashed-dotted
lines are the values taken from the analytical results for 1/g =
0 and NA = 2.
seem to depend on the number of atoms in A. Moreover,
if we consider two different parts of the system, one being
the bosons and the other the impurity, one can see that
there are strong quantum correlations built up among
the two as g is increased. In order to show this effect,
we calculate the entanglement entropy, which is defined
as S(ρB) = −Tr[ρB log2 ρB], which can be obtained from
the natural orbits occupation as S(ρB) = −∑i λilog2λi .
Note that this formula provides the entanglement en-
tropy between the bosons and the impurity because it
corresponds to tracing out all degrees of freedom associ-
ated with A. As shown in Fig. 2(c) this entropy grows
as g is increased, showing that indeed the interactions
are responsible for the built up of correlations between
the bosons and the impurity. Also we observe that the
entanglement entropy grows steeply for g < 5. Finally,
this growth becomes sharper for larger values of NA.
In Fig. 3 a) and d) we provide the analytical OBDM
for the NA = 2 case with infinite interaction [32, 33]. In
Fig. 3 c), d), e) and f) we show the numerically calcu-
lated OBDMs of the ground state for the bosons with
NA = 2, 4 and for the impurity. The numerical OB-
DMs are represented for g = 20, which is a value of the
coupling constant large enough to have strong correla-
tions between both species (see Fig. 2). The diagonal
of these matrices, that is when x = x′ or y = y′, is
the corresponding density profile. As shown, for large g,
the density profile of the impurity corresponds to it be-
ing located in the left or in the right side of the bosons.
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FIG. 3: One body density matrices for the bosons (left col-
umn) and the impurity (right column) for the ground state.
a) and d) show the analytical result with infinite interaction
for NA = 2, while b), c), e) and f) show the numerical results
for NA = 2 and 4 when g = 20.
For two bosons the OBDM of the bosons gets more dis-
torted when compared to a Gaussian profile than for four
bosons, and indeed gets more Gaussian for NA = 4. This
shows that the effect of the impurity on the bosons cloud
is smaller as A gets more populated. In turn, for larger
NA the two peaks in the density profile for the impu-
rity are displaced further away from the center of the
trap. For smaller g the overlap of the density profiles
of both species is larger but also the entanglement en-
tropy is smaller, thus showing less correlations between
the impurity and the bosons.
III. CORRELATIONS AND ENTANGLEMENT
ENTROPY FOR MASS IMBALANCED SYSTEMS
As g is increased, the entanglement entropy shown
in Fig. 2(c) between the impurity and majority atoms
grows, showing that strong correlations between these
two parts are built up. When g is large enough to have
large correlations between both species, one may expect
that, if one allows for the impurity to be heavier, there
should be some value of the mass of the impurity in which
it is heavy enough as to localize in the center of the trap.
This would effectively imply a mass-driven transition be-
tween edge localization and central localization of the
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FIG. 4: Density profile of the bosons (left column) and the
impurity (right column) as a function of the mass ratio, for
g = 10 and different number of atoms [(a) and (d) for NA = 2,
(b) and (e) for NA = 3, (c) and (f) for NA = 4]. Distances
are in units of the corresponding oscillator length, aho, which
in the case of the impurity changes as mB is increased. As
shown, as the mass ratio mBA is increased, the impurity tends
to localize in the center of the trap while the A atomic cloud
shows at dip in the center of the trap.
impurity. A similar transition driven by mass-imbalance
has been seen in two-component fermionic systems [38].
Then, in the limit of large ratios mBA, the entanglement
entropy may drop down and density separation may oc-
cur between the impurity and the bosons. Let us note
here that increasing the trapping frequency for B will also
force the impurity to locate in the centre of the trap. We
expect that this alternative strategy gives similar quali-
tative results. In the following, we discuss how the cor-
relations, coherences and densities of the bosons and the
impurity behave when one considers increased mass ra-
tios, mBA.
The first effect of considering a mBA slightly greater
than one is to break the quasi-degeneracy present in the
limit of large g. Then, for mBA > 1 the ground state is
no longer quasi degenerate, even for large g. In Fig. 4 we
show how the density profile for the impurity and for the
bosons changes as the impurity is assumed to be heavier
for a large value of g and different values of NA. As ex-
pected the impurity tends to localize in the center of the
trap for large values of mBA and the density profiles for
the bosons show a minimum coinciding with the center of
the trap, where the impurity localizes. This minimum is
smaller for larger values ofNA. In a previous work [39], it
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FIG. 5: Largest and second largest natural orbits occupations
for the bosons (a) and the impurity (b), as a function of the
mass ratio, for g = 10 and different NA. (c) Entanglement
entropy as a function of the mass ratio. The localization of
the impurity in the center of the trap is accompanied with an
increase in the natural orbital occupations and a reduction in
the entanglement entropy.
was shown that in a three-body system with two identical
fermions and an impurity the transition of the impurity
from the edge to the center of the trap takes place for
any infinitesimally small mass-imbalance when g → ∞.
In the present case with identical non-interacting bosons
we observe that the transition happens at some finite
mBA > 1 for large but finite coupling constant (the re-
sults shown in Fig. 4 have large g = 10 but not infinite
g). The fact that the bosons are non-interacting is a clear
difference to the fermionic case [40]. Here one needs to
consider an intricate competition of kinetic, interactions
and trap energy. In particular, in order for the impurity
to move to the center, it has to push the two bosons out
to the edge, thus increasing their kinetic and trap energy.
This may require a finite mass difference to be favorable.
Thus, we should not be surprised to see that this tran-
sition happens gradually for non-interacting bosons, and
occurs for larger mass imbalance when there are more
bosons that have to get out of the way to make room
for the impurity in the center of the trap. The numeri-
cal results for g = 10 provided here are in any case not
sufficient to conclude that the transition occurs for any
mBA > 1 at g →∞. This will be an interesting topic for
future work.
From the density profiles one can observe that this lo-
calization of the B atom seems to occur abruptly as a
function of mBA. This is more apparent from the calcu-
lation of the natural orbits occupations and the change
in entanglement entropy as a function of mBA, which is
shown in Fig. 5. We plot these variables for different
values of NA. First, the largest occupation of a natural
50
0.1
0.2
0.3
1 5 10 15 20 25 m
BA
x
/a
h
o
-4a
ho
4a
ho
0
(a)
0
0.2
0.4
1 5 10 15 20 25 m
BA
y
/a
h
o
-4a
ho
4a
ho
0
(d)
0
0.1
0.2
0.3
1 5 10 15 20 25 m
BA
x
/a
h
o
-4a
ho
4a
ho
0
(b)
0
0.2
0.4
1 5 10 15 20 25 m
BA
y
/a
h
o
-4a
ho
4a
ho
0
(e)
0
0.1
0.2
0.3
1 5 10 15 20 25 m
BA
x
/a
h
o
-4a
ho
4a
ho
0
(c)
0
0.2
0.4
0.6
1 5 10 15 20 25 m
BA
y
/a
h
o
-4a
ho
4a
ho
0
(f)
FIG. 6: One body density matrices for the bosons (left col-
umn) and the impurity (right column) for the ground state
when g = 10 and the mass ratio is close to the maximum of
the entanglement entropy. Panels (a) and (d) correspond to
NA = 2 and mBA = 2.5, panels (b) and (e) to NA = 3 and
mBA = 3.5, panels (c) and (f) to NA = 4 and mBA = 4.5.
orbital for both the bosons and the impurity is reduced
asmBA is increased as long as it is kept below a threshold
value of the mass ratio mthBA [see Fig. 5 (a) and (b)]. We
define the threshold mass ratio, mthBA, as the value of the
mass ratio at which the largest natural occupation of a
natural orbital for B reaches a minimum. This thresh-
old mass depends on the number of bosons, NA, and is
increased for largerNA for small values ofNA (see discus-
sion on previous paragraph). For increasing mBA while
kept in the interval [1,mthBA] the entanglement entropy
is increased [see Fig. 5 (c)]. Note that the entanglement
entropy is calculated from the natural orbits occupations
of B, so the maximum of the entanglement is related to
the minimum of the largest natural orbital occupation
for B. Indeed, the overlap between the density profiles of
the bosons and the impurity is yet large for mBA > 1 but
kept within this interval. In Fig. 6 we show the OBDMs
for NA = 2, 3 and 4 for a value of the mass ratio close to
the maximum of the entanglement entropy [see Fig. 2(c)].
These OBDMs show that the density profiles (the diag-
onals of the OBDMs) show a great overlap between the
impurity and the A atomic cloud. In addition, the off-
diagonal terms show that these are very correlated, as
they correspond to the large value of the entanglement
entropy.
For values of the mass ratio larger than mthBA, the
largest occupation of a natural orbital of both species
grows toward a value close to 1. For the bosons this final
value coincides with different values of NA. On the con-
trary, for B this value is smaller for larger values of NA.
Further, the entanglement entropy drops quickly down.
The final value of the entanglement entropy is larger for
larger NA. Moreover, the density profile of the impurity
shows that it localizes in the center of the trap, while the
density profile of the bosons shows a minimum where the
impurity is localized. So as one increases the mass ratio
above one, the first effect is to increase the correlations
among the bosons and the impurity. The impurity has
a tendency to occupy the center of the trap due to the
increase in its mass, but the repulsion with the bosons
keeps it towards the edges of the system. Remarkably,
when the mass ratio is large enough as to produce the
localization of the impurity in the center of the trap, the
largest natural occupation of A tends to a value close to
one. This in turn means that a single impurity is not able
to fragment the bosons for large mass ratios. Indeed, the
fact that the largest occupation of a natural orbital for
B is smaller and that the entanglement entropy is larger
for larger NA shows that there is yet correlation between
the bosons and the impurity which gets larger as NA is
increased.
IV. CONCLUSIONS
We have shown that when the impurity and up to four
bosons interact with each other the correlation in the sys-
tem grows as a function of interaction strength. Further-
more, we have shown that when the impurity is much
heavier than the bosons, then we have the least possi-
ble correlation. Moreover, the entropy reaches a maxi-
mum when the mass ratio is somewhere between 3 and
4 for up to four bosonic particles and then falls off after-
wards. Whether or not this holds for higher number of
bosonic particles is an open question for future investi-
gation. Here, we did not study the possibility of tuning
the trapping frequency for the impurity, which is an ex-
perimentally feasible strategy, but we expect that it will
also lead to a strongly correlated state for certain value of
ωB. The study on the effect of ωB or the combined effect
of changing mBA together with ωB falls out of the scope
of the paper and is left as an outlook. Also, a detailed
study of the limit of NA → ∞ and how the threshold
mass changes as g →∞ is left for future investigations.
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Appendix A: Polaron Method
In this section we explain briefly how we calculated
the results for the 9 bosonic particles. The method is
discussed in more details in [28], however, we also discuss
some of the limitations in the method when it comes to
the mass-imbalanced case. The Hamiltonian is written
as,
H =
1
mBA
(
−1
2
d2
dy2
)
+mBA
1
2
y2 (A1)
+
NA∑
i=1
[
−1
2
d2
dx2i
+
1
2
x2i
]
+ g
NA∑
i=1
δ(xi − y),
The y and xi coordinates represent the impurity and the
majority particles respectively as in Eq. (1). Therefore
we only remind that mBA ≡ mB/mA and all energies are
scaled by ~ω and all distances by the harmonic oscilla-
tor length aho =
√
~/mAω. We introduce an adiabatic
decomposition of the total wave function of the form
Ψ(y, x1, . . . , xNA) =
∑
j
φj(y)Φj(x1, . . . , xNA |y), (A2)
where Φj is a normalized eigenstate of the eigen-
problem
∑NA
i=1 h0(xi)Φj = Ej(y)Φj , where h0(xi) ≡[
− 1
2
d2
dx2
i
+ 1
2
x2i
]
and the eigenvalue problem depends
parametrically on y. For a given g, we impose the con-
dition that the total wave function must satisfy a delta-
function boundary condition for xi = y, i = 1, . . . , NA.
This implies a discontinuity in the derivative of Φj when-
ever xi = y or Φj = 0 when 1/g → 0. Since we assume
the bosonic particles are noninteracting with each other,
we can write
Φj(x1, . . . , xNA |y) = Sˆ
NA∏
i=1
fki(xi|y), (A3)
where Sˆ denotes the symmetrization operator and
fki(xi|y) is the kth normalized eigenstate of h0(xi), which
satisfies the delta-boundary condition. The index j on
Φj denotes the many different ways to distribute the NA
particles among the eigenstates of h0(xi) with the appro-
priate boundary condition. The Hamiltonian for φj(y),
which has to be solved, can now be written
−1
mBA
∑
j
(
Qij(y)φj + Pij(y)
∂φj
∂y
)
− 1
mBA
1
2
d2
dy2
+
mBA
1
2
y2φi + Ei(y)φi,
where
Pij(y) = 〈Φi| ∂
∂y
|Φj〉x (A4)
Qij(y) =
1
2
〈Φi| ∂
2
∂y2
|Φj〉x. (A5)
The subscript x on the brackets denote integration over
all x1, . . . , xNA . Note that Pii = 0 and Qii < 0 [41] and
one can show that Pij and Qij scales with
√
NA while Qii
scales with NA [27]. For large NA we can thus neglect all
but the Qii terms. Particularly, if we only keep the first
Q11 then we have
Q11(y) = −1
2
NA
〈(
∂f(x|y)
∂y
)2〉
x
. (A6)
Furthermore, E1(y) = NAǫ(y) by additivity. Once
we have determined the functions f(x|y) and ǫ(y), see
[27, 28], we can compute the adiabatic potential for the
ground state. The Schro¨dinger equation for φ(y) is then
1
mBA
NA
2
〈(
∂f(x|y)
∂y
)2〉
x
− 1
mBA
1
2
d2
dy2
+mBA
1
2
y2φi+
NAǫ(y)φi = Eφi, (A7)
The energy E provides a variational upper bound to
the exact energy. The energies computed via this method
for the polaron are shown in Fig. 1 and agree with the
numerical exact diagonalization results in [27] to within
a few percent and is expected to agree better for larger
number of particles.
However, the equation above, Eq. (A7), has some lim-
itations in the strongly interacting case. The problem
arises in the first term around x = 0 as the impurity ap-
proaches zero from left and right. As the wave function
f(x|y) changes suddenly from right to left of zero this
gives a huge contribution to the derivative resulting in a
peak/wall in the middle of the effective potential for the
impurity. The change in f(x|y) and therefore the height
of this wall is g dependent. The stronger g, the bigger
is the change in the f(x|y) as the impurity is placed to
the left and right side of x = 0. But the first term in the
equation is also NA and mBA dependent. As the impu-
rity gets heavier the 1/mBA damps the huge contribution
from the derivative, but the NA on the other hand has the
opposite effect like g. This means that when g is strong,
and we work with equal mass case, then the impurity
is well separated and the physics of the impurity is not
affected by this wall at all. But as one turns on for the
7mass imbalance, the impurity starts to move to the mid-
dle and starts to see this wall. All in all, the weak point
of the method turns into a question of how big g and NA
are relative to the mass ratio. On the other hand, if one
knows that the impurity will be at the edges, then the
method is very powerful to predict the energy and wave
function for the polaron system. Otherwise an analysis
of each contributing factors, g, NA and mBA, has to be
made in order to validate the method. For instance, in
the NA = 4 and g < 2 case, the method works perfectly
for any mBA.
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